In this work we investigate small clusters of bosons using the hyperspherical harmonic basis. We consider systems with A = 2, 3, 4, 5, 6 particles interacting through a soft inter-particle potential.
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I. INTRODUCTION
Systems composed by few atoms having large value of the two-body scattering length, a, with respect to the natural length, ℓ, fixed by the atomic potential, have been the object of an intense investigation both from a theoretical and experimental point of view (for recent reviews see Refs. [1] [2] [3] ). In fact, they present universal properties: for example, the three-body system displays the Efimov effect [4, 5] , that means the appearance, in the limit a/ℓ → ∞, of an infinite set of bound states accumulating toward the three-particle threshold; moreover, the three-body spectrum has a discrete-scale symmetry, with an universal ratio between the n-th and n + 1-th levels E n+1 3 /E n 3 = e −2π/s 0 . The scaling factor depends only on the ratio between particle masses, and for identical bosons of mass m it reads e −2π/s 0 ≈ 1/515.03 (with s 0 ≈ 1.00624). The finite value of ℓ implies the existence of a three-body ground state E 0 3 whose value reflects the short range physics, and that, together with the discrete-scale symmetry, completely determines the spectrum. In realistic cases the ratio a/ℓ is large but finite; thus, the three-body spectrum reduces to a finite number of states.
A remarkable property in a → ∞ limit appears in the four-body system: two states E n,0
4 , E n, 1 4 are attached to each trimer state E n 3 , one deep and one shallow having universal ratios, E n,0 4 /E n 3 ≈ 4.6 and E n,1
4 /E n 3 ≈ 1.001 [6] [7] [8] ; the two lowest four-body states, E There are very few studies of the spectrum of small bosonic clusters beyond A = 4. In addition to the specific problems related to the solution of the Schrödinger equation for more than four particles, the atom-atom realistic potentials present a strong repulsion at short distances which makes the numerical problem more difficult. Specific algorithms have been developed so far to solve this problem: the Faddeev equation has been opportunely modified [10] , the Hyperspherical methods resorted either to the hyperspherical adiabatic (HA) expansion (for a review see Ref. [11] ), or to the correlated hyperspherical harmonic expansion (CHH) [12] . However, due to the difficulties in treating the strong repulsion, few calculations exist for systems with more than three atoms. For example, in Ref. [13] the diffusion Monte Carlo method has been used to describe the ground state of 4 He molecules 2 up to 10 atoms, and in Ref. [14] a very extended calculation has been done in the four helium atom system. On the other hand, descriptions of few-bosons systems using soft-core potentials are currently operated (see for example Refs. [7, 15] ).
The equivalence between hard-or soft-core-potential descriptions has been discussed in Refs. [16, 17] In the two-body sector and in the low-energy limit, the two potentials predict similar phase shifts, therefore, even if their shape is completely different, they describe in an equivalent way the physical processes in that limit [19] . The equivalence is lost as the energy is increased, when the details of the potential become more and more important. When the soft interaction is used in the three-body sector, a new three-body-contact term is required to reproduce the ground-state-binding energy of the helium trimer given by the LM2M2
potential. This term is introduced by means of a gaussian-hypercentral three-body force, whose strength is tuned to reproduce the LM2M2 ground state binding energy of the threeatom system. In Ref. [16] the quality of this description has been studied for different ranges of the three-body force by comparing the binding energy of the excited Efimov state and the low-energy helium-dimer phase shifts to those obtained with the LM2M2 potential.
In Ref. [17] the spectrum of small clusters of helium atoms has been investigated up to six particles maintaining however fixed the values of a and E 2 as given by the LM2M2 potential.
In the present work we extend the analysis of the A = 3 − 6 bosonic spectrum to the (a −1 , κ) plane. We have modified the strength of the LM2M2 potential in order to cover the region of negative values of a up to a 0 − , with this value indicating the threshold of having a three-body system bound. We have also increased the intensity of the interaction in order to extend the analysis to positive values of a in which the universal character of the system starts to be questionable, i.e, when the ground-state E , using the LM2M2 potential and its modification, in order to construct the corresponding Efimov plot. Since this potential present a strong short-range repulsion we have used the CHH expansion as discussed in Ref. [12] . One the other side, when using the soft-core potential model in systems with A ≥ 3, the numerical calculations were performed by means of the non-symmetrized hyperspherical harmonic (NSHH) expansion method with the technique recently developed by the authors in Refs. [17, [20] [21] [22] . In this approach, the authors have used the Hyperspherical Harmonic (HH) basis, without a previous symmetrization procedure, to describe bound states in systems up to six particles. The method is based on a particular representation of the Hamiltonian matrix, as a sum of products of sparse matrices, well suited for a numerical implementation. Converged results for different eigenvalues, with the corresponding eigenvectors belonging to different symmetries, have been obtained [22] . In the present work, since we are dealing with bosons, we only consider the symmetric part of the spectrum. Interestingly, we have observed that in all the region explored the A = 4, 5, 6 systems present two states, one deep and one shallow close to the E 0 A−1 threshold. To gain insight on the shallow state, for a selected value of a, we have varied the range of the three-body force and we have studied the effect of that variation in the A = 4, 5, 6 spectrum. In the range considered, the variation produces small changes in the eigenvalues, but they are crucial to determine if the shallow state is bound or not with respect to the A − 1 threshold. This analysis confirms, at least in one zone of the Efimov plot, previous observations that each Efimov state in the A = 3 system produces two bound states in the A = 4 system, and extends this observation to the A = 5, 6 systems.
Finally, we have extended the calculations of the A = 4 and A = 5 systems up to the 4 four-and five-particle thresholds using the simple two-body-gaussian potential; the ratios between the thresholds are in agreement with previous theoretical results [7, 23] and with experiments [24] [25] [26] [27] .
The paper is organized as follows. In Section II we describe the two-and three-body forces we used in our calculations to reproduce the LM2M2 values. In Section III we discuss the Efimov plot for three particles. In Section IV the results for the bound states of the A = 3, 4, 5, 6 clusters are discussed whereas the conclusions are given in the last section.
II. SOFT-CORE TWO-AND THREE-BODY POTENTIALS
As mentioned in the Introduction, we use the LM2M2
4 He-4 He potential as the reference interaction, with the mass parameter fixed to 2 /m = 43.281307 (a.u.) 2 K. In order to explore the Efimov-(a −1 , κ) plane, we have modified the LM2M2 interaction as following
Examples of this strategy exist in the literature [12, 28] . corresponds to the disappearance in the continuum of the excited three-body state, and λ = 1.1.
The unitary limit is obtained for
with the strength W 0 tuned to reproduce the trimer energy E ) is the hyperradius of three particles and ρ 0 gives the range of the three-body force, or, in the spirit of EFT, the cut-off of the three-body-contact interaction; therefore, it is not independent of R 0 , which is the cut-off of the two-body-contact force, and in fact it should be ρ 0 = R 0 , as shown in [17] , and so we fixed ρ 0 = 10.0 a.u. A different criterion to fix the three-body force was given in Ref. [23] in which the condition ρ 0 ≫ r 0 has been used. In this case the (repulsive) three-body force is used to push the trimer spectrum high in energy in order to verify as The values are tuned to reproduce the scattering length a given by the modified LM2M2 potential
close as possible the universal ratios E 
III. THREE-BODY EFIMOV PLOT
The calculations for A = 3 have been performed using the CHH expansion. Since V λ (r) is obtained multiplying the LM2M2 potential by a global factor λ, it inherits the strong short range repulsion; in this case, a direct use of the HH basis to compute the bound states is not feasible since it would be necessary to include an enormous number of basis elements in the expansion [29] . The use of the CHH expansion circumvents this problem The values are tuned to reproduce the three-body ground state E 0 3 given by the modified LM2M2 potential V λ (r).
by the introduction of a correlation factor of the Jastrow type. The method is described in Ref. [12] and it allows to achieve similar accuracy as other techniques. As an example, in Table I we show the results for the ground state E 0 3 and the excited state E 1 3 at λ = 1 (in this case the results of the LM2M2 potential are recovered), and at the unitary limit (λ = 0.9743). These results have been obtained using the CHH basis up to a value of the grand-angular momentum K = 160.
As a byproduct of the tuning procedure of the three-body strength W 0 , we have constructed, as was previously done for instance in Refs. [28, 30] , the Efimov plot shown in Fig. 4 . In the figure we report calculations of E 0 3 and E 1 3 as functions of a done both with the V λ (r) and the TBG potential. When the TBG+H3B potential is used, the results coincide with those of V λ (r) and are not reported in the figure. In addition, we draw the dimer of the three-boson system calculated with the modified LM2M2 potential V λ (r), the TBG potential, and the TBG potential plus the H3B potential at λ = 1, that corresponds to the original LM2M2 potential, and in the unitary limit,
energy E 2 , calculated using the V λ (r) potential. In order to show these quantities together in the figure we have used the fourth root of the energy (in units of E ℓ ) as a function of the square root of a −1 (in units of ℓ). In the region analyzed, the results are inside the Efimov window; in fact, the scattering length is still much larger than the natural length ℓ, and the ground-state energy E 0 3 is above the natural value E ℓ .
Looking in Fig. 4 at negative values of a, it is possible to identify the value of the scattering length a 1 − at which the excited state E and E 1 3 , in units of E ℓ , as a function of ℓ/a, both for the modified LM2M2 potential V λ (r), and for the TBG potential. Following the literature, we really draw the fourth root of the scaled energies as a function of the square root of the scaled-inverse scattering length; using this trick, the ratio between excited and ground energies is greatly reduced, allowing for the graphical representation of both curves on the same scale. We also report the A = 2 binding energy.
quantity; however, it has been the subject of experimental measurements which give more or less the same value in units of mean scattering length a = 0.955978 ℓ/2 for different atoms, a 0 − = −(9 ± 1) a [31] . In the present calculations we obtain (a 0 − ) TBG = −8.9 a and (a 0 − ) V λ (r) = −9.9 a. In addition, we discuss the universal character of the shallow state E 1 3 . Using the Efimov's radial law [5] it is possible to obtain an equation for this trimer binding energy as a function of a. It reads
where κ * is the wave number corresponding to the energy E does not disappear in the atom-dimer continuum at a * but follows very close the E 2 curve from below.
To conclude, we further analyze the universality looking at the correlations between the three-body ground and excited states, as has been proposed in Ref. [32] . In Fig. 6 we trace the square root of the excited-trimer energy, measured from the two-body dimer, in units of the trimer-ground state energy, as a function of the dimer energy, always in units of trimerground state energy. The Efimov's universal-radial law Eq. (4) gives the universal curve in this plot; we see that as far as the dimer is very shallow, the calculated points are very close to the universal curve. They depart from it when corrections due both to finite scattering length and to non-zero effective range become sizeable. This non-universal effect is more important for the TBG case, probably due to the lack of the three-body corrections.
IV. EFIMOV PLOT FOR A = 4, 5, 6 CLUSTERS
The calculations for the A > 3 systems are performed using NSHH basis. The method has been recently used to describe up to six nucleons interacting through a central potential [21, 22, 33] and six bosons using a two-body plus a three-body force [17] . The Hamiltonian matrix is obtained using the following orthonormal basis is not constructed, but using properties of HH is expressed as an algebraic combination of sparse matrices, allowing for an efficient research of the lowest eigenvectors/eigenvalues. A full discussion of the NSHH method is given in Refs. [17, 22] .
After solving the A = 3 problem for bound states, used to fix the strength of the H3B force, we have diagonalized the Hamiltonian for A = 4, 5, 6 bodies using the TBG and Table II where we report the convergence pattern using the TBG+H3B potential for A = 4, 5, 6 at the point λ = 0.9 where both E Moreover, the fact that the states E To make contact with the analysis of Ref. [34] we have calculated |E goes to zero. These curves display the universal character of these clusters as their spectrum is determined by two parameters, a and E [23] and with recent experiments [27] .
V. CONCLUSIONS
In the present paper we have discussed the spectrum of bosonic systems up to six particles interacting through a two-body potential having a large two-body scattering length (with respect to the effective range). The three-body scale has been fixed using a scaled HeliumHelium potential. The scope was to extend previous studies on the Efimov physics done in the three-and four-body systems. We have observed that, similarly to the four-body system, the five-and six-body systems present two bound states, one deep and one shallow.
It seems that this type of spectrum is to some extend universal depending only on the condition a ≫ r 0 in the two-body system. This condition produces a geometrical series of bound states in the three-body system and, attached to each of these states, a two-level spectrum has been showed to appear in the four-body system [6] [7] [8] repulsive three-body force that eliminate all the trimer states below one specific level. In this way, the two level spectrum of the four-body system attached to this trimer ground state will become true bound states. Also the universal character of the spectrum will be more evident as the repulsive three-body force will push more and more the particles faraway.
Though the analysis of the bosonic spectrum can follow the strategy illustrated above, in the present paper we follow a different one based on the physics introduced by the two-body potential. In nuclear systems as well as in many atomic systems the two-body interaction has a sharp repulsion at short range followed by a very weak attractive part that produces very shallow dimers as for example the deuteron or the two-helium molecule. The particles are located in the asymptotic region and do not feel the details of the interaction. Therefore, we can introduce a soft potential to be considered as a regularized-two-body contact term in an EFT approximation of the original potential [19] . In the three-body sector, a three-body-contact term is required to reproduce the ground-state-binding energy of threeparticles introduced here by means of a gaussian-hypercentral three-body force. Using this potential model we have calculated the three-body spectrum and we have analyzed its universal character comparing the energy of the shallow state E 
vs. E Since we are describing the lowest bound states, some universal ratios are only approximately verified, though not very far from the values quoted by other groups in A = 3, 4.
However, in the simple case of TBG we have extended our calculations for A = 4 and A = 5 up to the four-and five-particle continuum threshold in order to calculate the ratios between the thresholds: the values we obtain in the four-body case, (a [36] and measured [27] TABLE II. Convergence of the binding energies as a function of the grand angular quantum number K using the TBG+H3B potential at λ = 0.9, R 0 = 10 a.u., and ρ 0 = 10 a.u., for clusters of A particles. We also report the number N HH of hyperspherical basis elements corresponding to a given K. in literature.
Another interesting aspect is the uncertainty introduced by the cutoff in the hypercentral three-body force. We have observed that with the most natural choice ρ 0 = R the shallow states E . Increasing ρ 0 they result bound again around ρ 0 ≈ 18 a.u.. Increasing further ρ 0 they become again unbound. This last analysis is somehow inconclusive as to really understand the cutoff dependence we need to vary both cutoff R 0 and ρ 0 in a coherent way; the dependence on the cutoff will eventually reflect the leading order nature of the potential we are using, pointing to the necessity of going to a higher order in the EFT expansion [19] . Studies along this line are at present under consideration as well as the analysis of the two-level spectrum for cluster with more than six particles.
